We obtain formulae for the Krull dimension of the generalized Weyl algebra Ž . T s R , a , where R is a left noetherian ring. ᮊ
conjecture made by Hodges and McConnell in the concluding remarks of w x 12 concerning the situation for Ore and skew Laurent extensions. However, dealing with simple modules in noncommutative rings is usually a complex matter, in contrast to the commutative case, where the simple modules are easy to describe. In more detail, first, a noncommutative left noetherian ring has many simple modules: the classification of simple modules is an extremely difficult problem. Such a classification is known only in a few cases, perhaps the most famous being Block's classification of w x the simple modules over the first Weyl algebra 9 . Second, simple modules may have different sizes, for example, when measured via Gelfand᎐Kirillov dimension: in the case of the nth Weyl algebra over an algebraically closed field of characteristic zero, there are simple modules of Gelfand᎐Kirillov w x dimension n, n q 1, . . . , 2 n y 1, see 8, 16, 22 . This is in sharp contrast to the case of a commutative affine algebra where every simple module has Gelfand᎐Kirillov dimension equal to zero. Third, different types of simple modules may behave very differently with respect to their extension theoretic properties.
In this paper, we consider the problem of calculating the Krull dimenw x sion of the generalized Weyl algebras, introduced by the first author in 1 .
w x A start has already been made on this problem in 7 where the Krull dimension of generalized Weyl algebras over a commutative noetherian base ring is calculated. However, in order to make progress on iterated generalized Weyl algebras it is necessary first to consider the case of a generalized Weyl algebra over a noncommutative base ring, and this is the problem we answer in this paper.
Generalized Weyl algebras are defined in the following way. Let R be a ring, and let be an automorphism of the ring R. Let a be a central Ž . element of R. Then the generalized Weyl algebra T s R , a is defined to be the ring generated over R by two indeterminates X, Y subject to the defining relations
for all ␣ g R. The terminology, generalized Weyl algebra, is appropriate, since the Weyl algebras can be presented as iterated generalized Weyl algebras. The first author has used this fact to place the classification of the simple modules over the first Weyl algebra in a more general framew x work; see, for example 2, 3, 6 . In this case that a s 1, or more generally, a is a unit, then the Ž generalized Weyl algebra T is a skew Laurent polynomial ring with y1 . w x Y s aX . In this case, Goodearl and the second author 10 have obtained formulae for the Krull dimension of T. The methods of clean modules and height developed there are generalized here for use in the case of generalized Weyl algebras. When a is not a unit non-trivial new phenomena appear which are not present in the skew Laurent case, and which are responsible for the Krull dimension, mainly concerned with the behaviour of a-torsion modules M, that is, modules such that aM s 0. In order to describe the structure of a-torsion modules, the methods introw x duced in 7 are generalized to the noncommutative setting. A reference for most of the basic notions concerning Krull dimension w x that we need is 18, Chap. 6 . We denote the Krull dimension of a module Ž . Ž . M by K K M . If R is a left noetherian ring, and T s R , a is a generalized Weyl algebra then it is known that
Ž . Ž .
w x see 7, Proposition 2.2 , and the hard problem is to decide which of the two possibilities occur.
The strategy we adopt is as follows. The ring T, considered as a left module, is an induced module T s T m R. This suggests studying the R structure of induced modules. This is a strategy that has proved successful w x in earlier results on Krull dimension; see, for example, 11, 10, 7 for the cases of differential operator rings, skew Laurent extensions, and generalized Weyl algebras over commutative base rings, respectively. In the case when T is a skew-Laurent extension, it is possible to reach T s T m R, R via a chain of induced modules, starting from the induced modules Ž . T M s T m M, where M runs through the simple modules of R. For a R generalized Weyl algebra T this is not possible, but the aim is to reach Ž . T s T m R via a chain of induced modules and certain Verma-like R graded factors of induced modules, starting either from the induced Ž . modules T M or from subfactors, where M runs through the simple modules of R. At each step, the modules are ‫-ޚ‬graded modules, and this leads us to suspect that the structure of ‫-ޚ‬graded modules should play a large role in the proof. Indeed, in the end, the result we obtain shows that the graded Krull dimension and the ordinary Krull dimension coincide. However, we are not able to prove this directly, and then use this fact; it just emerges as a bonus at the end. It would be interesting to investigate which cases of graded rings can be shown to have the same graded and ordinary Krull dimensions.
The graded submodules that occur as subfactors of induced modules fall into two distinct classes: the graded modules with infinite support, and those with finite support. The former class can be dealt with by developing existing methods. There are two cases to consider: the graded modules which are infinite in both directions, and those which are either left or right restricted. It is the class of graded modules with finite support which causes most problems in the analysis; these modules are both left and right restricted. Specifically, we need to be able to deal with the extension theory for graded T-modules with finite support. In some of the earlier results on calculating Krull dimension progress was possible precisely because this subcategory of the module category was known to be semisimw x ple; see, for example, 14, 19 . In the latter part of the proof of Theorem 3.5, we employ graded techniques to reduce the study of the extensions of the finite support modules that occur within certain factors of induced w x w x modules to the study of the modules over the ring Tr m , where m is the ideal generated by the powers X m and Y m , for a suitable m. Here is a brief outline of the contents of the sections. In the first section, we develop the methods of leading coefficients which are needed to deal with the modules with infinite support. We find it necessary to Ž . introduce three types of modules to deal with this case: T M s T m M, R Ž . and V M , the latter being needed to deal with the one-sided restricted " modules. In the second section, we investigate the structure of the R-module subfactors of induced modules, and introduce the ideas of stars and holes which are not needed in the skew Laurent case, but which are basic tools for modules over generalized Weyl algebras. One of the problems Ž . that arises is that the induced module T M need not be a critical module, w x even if M is a critical R-module; see 10 , for example. In the earlier studies, this problem is overcome by introducing clean modules, and then proving that there are enough clean modules in the sense that every module contains a clean submodule. Unfortunately, this is not the case here, because of the existence of restricted induced modules, and we introduce the two new kinds of cleanliness in order to have enough clean submodules. We also introduce two new kinds of height in order to have an effective way to measure the Krull dimension.
Section three is the heart of the paper. Here we establish the basic inductive step, Theorem 3.5, from which all the formulae flow. It is here that we have to come to grips with the problems caused by the modules with finite support, and graded techniques are used to overcome these problems. After this, in Section 4, the required formulae follow in a Ž . relatively routine way. In Section 5, we specialize to the case of fully bounded noetherian base rings, and obtain the same theorem as that w x obtained for commutative base rings in 7 . Finally, in Section 6, we provide examples of each of the two possible kinds of behaviour for the w x Krull dimension of T. In a subsequent paper 5 , we exploit the results w x obtained here and in 7 to calculate the Krull dimension for many classes of algebras which can be presented as generalized Weyl algebras.
Throughout the paper, we use ''module'' to stand for ''left module,'' and abbreviate ''left Krull dimension'' to ''Krull dimension.''
INDUCED MODULES

Ž .
Let T s R , a be a generalized Weyl algebra. The ring isomorphism
Ž . is called the "-symmetry or the left-right symmetry .
Ž . Ž . If the element a g Z R is not nilpotent, then the multiplicative Ä 4 i Ž . Ž submonoid S of R_ 0 generated by all a , i g ‫,ޚ‬ satisfies the left and . Ž . right Ore condition in T. In other words, there exists the left and right localization S y1 T s T of the ring T at S. Moreover, extends to R ,
S S
w y1 x and T , R X, X ; is the skew Laurent polynomial ring. A T-module
Alternatively, we can write
Ž .
It is also useful to keep in mind the following kind of pictures to help see what is happening.
Looking at the pictures, we see that multiplying T m M by elements from R preserves the grading, while multiplying by X shifts to the right, and multiplying by Y shifts to the left. If we are in a position to the right of 1 m M then X и acts as a monomorphism. However, if we are to the left of i Ž . 1 m M then the action of X и depends on the action of some a и . For
In a similar manner, Y и acts as a monomorphism to the left of 1 m M, but i Ž . i Ž . depends on a и to the right. Thus, points where a M s 0 are Ž .
q w x which at first sight is only a module over T [ R X; , is in fact a T-module.
Ž .
i
Integers i such that a и M s 0, or, equivalently a и¨m M s 0, are i called the stars of M, while the set of integers i q 1, where i is a star, is called the holes of M. The structure of the induced module T m M depends to a large extent on whether the set of stars of M is empty, finite, or infinite.
and we set
and draw the picture
and we have the factor module
which is represented by the picture
The T-module V s V M is uniquely characterized by the following q properties: Ž . non-negative integer n y m is the length of u, denoted by l u . The Ž . element 0 is defined to have deg 0 s .ϱ, leading coefficients 0, and " length yϱ.
There are doubly infinite filtrations
and
Ž . ing coefficients of elements of N which have non-positive y -degree.
Ž . Ž . Similarly, N denotes the set of q -leading coefficients of elements of 
are chains of R-modules and
The most important case of an induced module is the ring T, where we have 
SUBMODULES OF INDUCED MODULES
The results in the next proposition are easy to establish, by using the graded structure of generalized Weyl algebras. 
Ž .
In order to study the Krull dimension of an induced module T M s T m M, we find it necessary to deal with the R-module structure of certain ha¨e Krull dimension less than ␣.
Proof. Choose an integer t such that, for all n G t, each factor A rA
Ž . the choice of t. As Ar B q A is the union of the submodules
. it follows that all finitely generated R-module subfactors of Ar B q A t have Krull dimension less than ␣. In the R-module ArB, consider the following two chains of submodules
On applying the Schreier Refinement Theorem to the two chains above we w Ž .x obtain a common refinement of them, cf. 10, 3.2 b . Namely, there exists R-submodules
which is a subfactor of Ar B q A , all finitely 0 j 0, jq1 t generated subfactors of W rW have Krull dimension less than ␣.
Therefore for j G p, every finitely generated subfactor of B rB has
Krull dimension less than ␣.
Let M be a nonzero R-module and let N be a nonzero T-submodule of Ž . Ž . Ž . T m M. We say that N has type y if N / 0, but N s 0. has one of the three types above. Let N G N G иии be a chain of 1 2 nonzero submodules of T m M; then, for sufficiently large i, each of the R submodules N has the same type, say t, and we say that the chain above i has type t. [ 
In the Ž . latter case, there is either a negative star, or a positive hole or both , and Ž . Ž . Ž . so either s M or h M exists they may both exist .
Ž . is the largest homogeneous submodule of T M which has zero intersec-
Ž . Then there are two strictly descending chains of T-submodules of T M , Conversely, suppose that the T-module V satisfies the conditions above. It follows from the first two conditions that V is isomorphic to a T-module
It follows from the second condition that for every i G 0 the
where 
Ž . Ž . 1 If s M s h y 1 exists, then the T-submodule T¨m M of
Proof. This follows immediately from the characterization of the mod-
In view of Lemma 2.4, if M is a critical R-module, then the following hold: 
It follows from Lemma 2.4, and 4 , 5 that if
M is T, q -clean then so Ž . Ž . i i is M, for all i G s M , and if M is T, y -clean, then so is M, for all y Ž . i F h M .
Ž . 1 If M is a-torsionfree, then M contains a T-clean submodule.
Ž .
Ž . 
Ž . Proof. The T-module T M is noetherian, and so are V V M , when-" ever they exist, since the R-module M is noetherian.
Ž . Ž . Since T is a flat right R-module, T U embeds in T L , and so embeds in Ž . the critical module N. Hence, the T-module T U is critical; and so U is T-clean.
, and so embeds in the critical moduleŽ . Ž . N. Hence, the T-module V U is critical; and so U is T, q -clean.
Unfortunately, if i -h , then M is still to the left of M, so we need to shift to the right, and get the submodule < h < U of iq < h < M X s i M, which is Ž . also T, q -clean by the comment immediately before the lemma.
Ž . 3 The case where h M exists is similar to the previous case.
is the largest homogeneous submodule of N.
The next lemma establishes various easy properties of the Krull dimension of the various kinds of T-modules that have just been introduced.
Ž . Ž . 4 Let V be one of the following T-modules: i V V M and St
Ž . 1 and 3 These follow from 4 and 5 and statement 2 .
Ž . the result follows from 3 . The case y is symmetrical to q .
In the following lemma, we establish the existence of clean subfactors in induced modules, which have the same Krull dimension as the modules, and see the need for the various types of clean modules that we have introduced.
LEMMA 2.7. Let M be a nonzero noetherian R-module.
2 There exists either
Proof. 1 Let us consider the first case. Without loss of generality we may assume that M is critical. In fact, the R-module M is noetherian; thus we can choose a chain of submodules
is the skew polynomial ring. The right R-module T q is faithfully flat, so we have the chain of T-submodules
By replacing M by a suitable factor M rM , we may assume that M is
the same sort of arguments, we find an integer j G j and R-submodules 
find L and so on. Since M is noetherian and is an automorphism this 3 R process must stop.
Ž .
2 The module T is faithfully flat. Applying T m y to the above
Thus, without loss of generality, we may assume that M is critical. 
Observe that
Ž . follows from statement 1 and Lemma 2.6 5 .
which has the same property as L . The module M is noetherian, so this 1 process must stop.
The next result is part of the inductive step in proving a formula, Theorem 4.1, for the Krull dimension of an induced module T m M, in the case that M is an a-torsion, critical noetherian R-module. This is the easy part of the inductive step. The most difficult part is the case where M is a-torsionfree, see Theorem 3.5, which requires a refined study of the submodule structure of induced modules. This is done in the remainder of the present section; see Lemma 2.13. PROPOSITION 2.8. Let M be a noetherian non-simple R-module of finite Krull dimension.
where a is the family of T, q -clean minor subfactors of M, i ) s M . hole bigger than i, we may assume that a C s 0. The R-module C is
2 The proof of the second part is similar to 1, or one can invoke the "-symmetry. Note the following.
X T, " -clean submodules N of N and for all i G 0.
LEMMA 2.9. Let M be a noetherian R-module and let
The module M is noetherian, so we can choose C to be maximal among those submodules of M contained in a descending chain for which the conclusion fails. Then, for each submodule i C of i M, for i G 0, the conclusion fails as well. Thus, C can be chosen in such a way that all i C, for i G 0, are maximal with failure.
Refine the chain, so that each of the modules C rC is a critical
Ž . module. By Lemma 2.5 2 , there exists an integer n G 0 and a submodule Ž .
By the choice of C, there exist two sequences of non-negative integers, 1 -i -i -иии and j , j , . . . such that each of the factor modules
Without loss of generality, we may assume that N s C rC , and i iq1
that j F j F иии . Fix j s j , for any , and consider the two chains of 1 2 modules
Comparing these chains, as in Proposition 2.2, we obtain chains of modules 01  02   11  12 and
Of course, the modules V , V , and W depend on j; that is, V s
where p s j y j .
The module nq j C is nonzero, and the module 
0, lq1 lq1
for all l s j , j , . . . . Thus, we obtain the chain
for which the conclusion of the lemma fails. However, j V ) nq j C, a contradiction.
LEMMA 2.10. Let M be a T-clean noetherian R-module and let
be R-submodules of M. Then, there exists an integer n G 1 such that the following conditions hold.
Ž .
1 Each module C rC , for i G n, has no T-clean submodule N for
Proof. Assume that the result is not true and suppose that C is maximal among submodules of M contained in a chain for which the result fails. Thus, the result also fails above i C, for each i g ‫,ޚ‬ and each of these submodules is maximal for failure also.
Choose a submodule M X of M, containing C, such that M X rC is critical; this is possible since M is noetherian. If M X rC is a-torsionfree then there exists a submodule V with C : V : M X such that VrC is T-clean. We now w x use the argument of 11, Lemma 4.3 and Lemma 2.9 to obtain a contradiction.
If M X rC is a-torsion then, for some i g ‫,ޚ‬ there exists a submodule V X Ž . Ž . Proof. Let N s ErF, for some R-submodules F -E F M. We use w Ž .x 11, Proposition 3.2 a to obtain a common refinement of the two chains
Namely, we can choose R-submodules
for all i, j, and E s D ϱ V . Let k be the least positive integer such that
Then N X is a nonzero submodule of N and
tor of M rM . 
Proof. Observe that M M is isomorphic to [ M, as an R-module, and
i apply the previous lemma. is of one of the following se¨en types.
PROPOSITION 2.13. Let M be a noetherian R-module, and let M M be a Ž . nonzero subfactor of the T-module T M . Then, there exists a chain of T-submodules
T V rN, where V is T-clean and N is a nonzero T-submodule of Ž .
h o m T V , and N s 0. ule N has the ascending chain of submodules If h exists, then there is an exact sequence of T-submodules
If s exists, then there is an exact
Consider the first case. We subdivide this into two. Either I V g q Ž .
Ž is nonzero, and is not injective, which contradicts the choice of V, since
hq h y 1 hq h y 1 isomorphic to L V , V , which belongs to category 3 .
Suppose now that Ho V is an infinite set, so that Ho V s ϱ. 1 1 module. Continue in this way to construct a chain
Then V is subisomorphic to one of the factors M rM in the above
chain. Proof. Suppose that V s ErF, for some submodules F -E of M. The ideal I s Ra has the Artin᎐Rees property. Apply the AR property to the module MrF, to find an n such that a
PROPOSITION 3.1. Let M be an a-torsionfree noetherian R-module and suppose that the ideal Ra of R has the Artin᎐Rees property. Suppose that
ErF , E q a M r F q a M , so without loss of generality, we may assume that a n M F F. By comparing the chain a n M F F -E F M with the chain a n M F a ny 1 M F иии F aM F M, we see that some submodule V X of V is isomorphic to a subfactor of some
. as above. Then some nonzero submodule V of V and hence of V is Ž . isomorphic to a subfactor of one of the finitely many ␤ y 1 -critical Ž . factors of this chain. In fact, since each of these factors is ␤ y 1 -critical Ž Y .
X
and K K V s ␤ y 1, the submodule V is isomorphic to a submodule of one of these factors.
Ž .
An orbit containing a star is called degenerate, otherwise it is non-degener-Ä 4 Ž . ate. Note that O O V is degenerate if and only if
" i for some T, " -clean submodule of V, for some i G 0, by Lemma 2.5. 
Ž . Ž . LEMMA 3.2. Let M be a nonzero R-module and let
M M s T M , V V q Ž . or V V .
D of noetherian critical R-modules D such that
O O D k k k k g K Ä 4 Ž . Ž . / O O C and K K D F K K C for
Ž .
R
As an R-module
Ž . on the summand C is a nonzero by the choice of s n-critical subfactor Ž . since the R-module M is nonzero and non-simple. Set 
Observe that all of the j j q1 Ž . modules in the chain are of type q, y , since M is a-torsionfree. After refining the chain, we may assume that each C rC is one of the j j q1
modules from Proposition 2.13. By Corollary 2.3, there exists a positive integer p such that, for all j G p, any finitely generated R-module subfactor of C rC has Krull dimension less than ␤. Hence, for each j G p,
Ž . Ž . every C rC from the categories 5 ᎐ 7 in Proposition 2.13 has Krull
Ž . Ž . then C rC belongs to one of the sets 1 ᎐ 4 in Proposition 2.13.
Set s or . Inside M there is a chain of R-submodules
By Lemma 2.10, there exists a positive integer q such that, for all j G q,
Ž . that C rC belongs to category 3 of Proposition 2. 
Ž . in case 1 , while 
Ž .
Suppose that case a holds. Then
Ž . Ž . Similarly, if case 1 and case b hold, then
Ž . while if case 4 and case b hold, then
In each case, we have a contradiction. Ä 4 So, for every m G r s max p, q , a factor C rC that has Krull m mq1
Ž . dimension ␤ y 1 must belong to category 3 of Proposition 2.13. The set Ä 4 C rC ¬ i s 1, 2, . . . of all such factors is infinite.
Consider the chain of submodules
Ž . s ␤ y 1 and K K A rB -␤ y 1, for all i. Making a perestroika with the above. After making all perestroikas, we have a chain
where every subfactor
Ž . gory 3 of Proposition 2.13, and has Krull dimension ␤ y 1. Further, all other subfactors in the chain have Krull dimension less than ␤ y 1.
Ž . The module T M rC is critical with the same Krull dimension as 
j critical R-module V is isomorphic to a subfactor of some M, for j s j i . The R-module M is a-torsionfree, thus
Ž . Ž . By Lemma 2.6 2 , K K V s ␤ y 1 and, by Proposition 3.1, V is subisomor- Note that m does not depend on the choice of U but only on the or-
Then every T-module B rA is annihilated by the homogeneous ideal 
C rC , L V, V are from category 3 in Proposition 2.13.
Therefore, every A rA has a finite chain of R-submodules
with factors isomorphic to one of the direct summands
We use induction on i to show that m annihilates
A rA . This is certainly true for i s 2; so assume, by induction that 
Ž . Ž . We conclude that since M is a-torsionfree, whereas aW s 0.
KRULL DIMENSION FORMULAE
The formulae given in Proposition 2.8 and Theorem 3.5 will be used as an inductive step by which the Krull dimension of an induced module T m M may be computed in terms of the Krull dimension of the modules 
be a nonzero noetherian R-module with finite Krull dimension. Suppose that the ideal Ra of R has the left AR property. Then
and M M is the set of a-torsionfree simple subfactors of M;
Ž . T-module T m A , hence
Thus, 
to a minor subfactor of the T-critical module T m A , and each
T m A , for j q 1 F l -m, is isomorphic to a minor subfactor of the
Thus, we obtain
Without loss of generality, we may suppose that M is T, -clean, by Ž . Lemma 2.7 2 .
Ž . Ž . If M is T, " -clean then, by Proposition 2.8, there exists a T, " -clean minor subfactor, N say, of " i M, for some i G 0, such that
Ž . Note that here we are using the fact that if N is T, " -clean then so is
Since M is critical, so is M, and so K K N -n. Hence, using the inductive hypothesis, there exists a simple subfactor A of " j N, for some
If M is T-clean, then by Theorem 3.5, there exists either a T-clean minor
In the latter two cases, we use the same arguments as above to show 
Ž .
FULLY BOUNDED NOETHERIAN RINGS
In this section, we specialize our results to the case of generalized Weyl Ž . algebras, T s R , a , where R is a fully bounded noetherian ring. In this case we recover the same formula as that obtained in the case of a w x commutative noetherian base ring in 7 . Ä 4 Ž . Ž .
" "
Next, consider a strictly descending chain of prime ideals p s p ) p ) Proof. This follows immediately from the above result, by using the "-symmetry.
EXAMPLES
In this final section, we present a class of examples that demonstrates that the methods we have introduced and the theorems we have proved do, indeed, enable one to calculate Krull dimensions.
Let R be a ring. Suppose that we are given the following data: g Ž . Ž . Aut R and b, g Z R , the centre of R, with being a -stable unit; Ž . ² : that is, s . We form an overing, E s R ; b, , by adjoining symbols X and Y to R subjected to the relations Ž . Ž . Proof. Quillen's Lemma is used in the proof of the previous lemma to establish that the first Weyl algebra has the endomorphism property. Here we have given the endomorphism property and the proof is then the same.
A particular class of algebras to which we could apply this corollary w x would be the McConnell᎐Pettit algebras 17 . Let K be an uncountable Ž . algebraically closed field of characteristic zero, and let ⌳ s be a
